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Abstract
Let M be a closed orientable 3-manifold supporting Anosov flows. We prove that if π1M contains
a non-trivial Abelian normal subgroup, then M is either a Seifert manifold or a torus bundle over S1.
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1. Introduction
The Seifert Fibered Conjecture [3,7] asserts that a compact, orientable, irreducible 3-
manifold M with infinite fundamental group is Seifert if its fundamental group π1M
contains a non-trivial cyclic normal subgroup. Because cyclic groups are Abelian, it is
natural to ask whether the conclusion of the Seifert Fibered Conjecture holds replacing
cyclic by Abelian in its statement. Obviously the answer is negative since the torus bundles
over S1 with hyperbolic monodromy are not Seifert. Besides we have the following result
which can be proved using [11, Theorem 1.1]: Let M be a closed, irreducible 3-manifold
with positive first Betti number. If π1M contains a non-trivial Abelian normal subgroup,
then π1M is the fundamental group of a closed 3-manifold which is either Seifert or finitely
covered by a torus bundle over S1. In this paper we study closed orientable 3-manifolds M
assuming the existence of Anosov flows instead of the positivity of its first Betti number.
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Under such a condition it is proved that if π1M contains a non-trivial Abelian normal
subgroup, then M is either a Seifert manifold or a torus bundle over S1. In general the
existence of Anosov flows does not imply the positivity of the first Betti number [9].
To state our result we shall use the following definitions and notations. A flow X on M
is Anosov if a continuous invariant splitting TM = Es ⊕ EX ⊕ Eu exists such that EX is
the flow’s direction, Es is contracted by X, and Eu is expanded by X. A 3-manifold is a
torus bundle over S1 or a Seifert manifold depending on whether it admits a foliation either
by tori (with base S1) or by circles with some exceptional fibers [10]. Both torus bundles
over S1 and Seifert manifolds are examples of closed 3-manifolds M whose fundamental
group contain non-trivial Abelian normal subgroups. The converse holds for manifolds
supporting Anosov flows. More precisely we have the following.
Theorem 1. Let M be a closed orientable 3-manifold supporting Anosov flows. If π1M
contains a non-trivial Abelian normal subgroup, then M is either a Seifert manifold or a
torus bundle over S1.
This Theorem together with [8,16] yield another proof of the three-dimensional version
of [1, Theorémè A]. The structure of the paper is the following. In Section 2 we state
the topological and dynamical tools used in the proof. This is done for the sake of
completeness. In Section 3 we prove Theorem 1: In Lemma 12 we shall prove the Theorem
when M has virtually non-zero first Betti number. In Proposition 13 we shall prove the
Theorem when the Abelian normal subgroup A in the statement is finitely generated. In
Corollary 14 we prove that Anosov flows X on closed 3-manifolds as in the Theorem are
transitive. In Lemma 15 we prove that the action of A in the leave space associated to the
unstable foliation of X in the universal cover has no almost fixed points. This fact and
Corollary 14 are used to prove in Proposition 16 that A is finitely generated. The Theorem
easily follows from Propositions 13 and 16.
2. Preliminaries
In this section we state the results in 3-manifold topology and dynamics to be used the
proof of the Theorem. We start with some terminology. A 3-manifold M is irreducible if
every tamely embedded 2-sphere in M bounds a 3-ball in M . A two-sided surface S in M is
incompressible if the map π1S → π1M induced by the inclusion is injective. M is Haken
if it is compact irreducible and contains a two-sided properly embedded incompressible
surface. The first cohomology group of M with integer (respectively real) coefficients is
denoted by H 1(M,Z) (respectively H 1(M,R)). The first Betti number of M is the rank of
its first homology group with integer coefficients. A 3-manifold has virtually non-zero first
Betti number if it admits a finite covering with non-zero first Betti number. Theorems 2 to
8 below are well-known tools in 3-manifold topology.
Theorem 2. Let M be a closed irreducible 3-manifold such that π1M contains both a finite
index subgroup with infinite abelianization and a non-trivial Abelian normal subgroup.
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Then, π1M is the fundamental group of a closed 3-manifold which is Seifert or finitely
covered by a torus bundle over S1.
Indeed, let M be a closed irreducible 3-manifold. If G = π1M , then G is a PD3 group
as in [11, p. 366]. By [11, Theorem 1] G is the fundamental group of a closed 3-manifold
which is Seifert or admits a geometric structure modeled on Sol. In the later case the
manifold is finitely covered by a torus bundle over S1 [21, Theorem 5.3-(i)].
Theorem 3 [18, Corollary 3.3]. If M is a closed 3-manifold such that π1M is an almost
solvable group with exponential growth and H 1(M,Z) = 0 then every codimension one
foliation of M has a compact leaf.
Theorem 4 [3,7]. If M is a compact, orientable, irreducible 3-manifold with infinite
fundamental group, then M is Seifert if and only if π1M contains a non-trivial cyclic
normal subgroup.
Theorem 5 [7, Corollary 8.6]. If Z + Z is a subgroup of π1M and M is a orientable,
irreducible 3-manifold, then M either contains an incompressible torus or is Seifert.
Theorem 6 [20, p. 35]. Let M be a closed, orientable, irreducible 3-manifold such that
π1M is infinite. If M is finitely covered by a Seifert manifold, then M is Seifert.
Theorem 7 [4, Corollary 3.3]. If M is a Haken 3-manifold, then each Abelian subgroup of
π1M is finitely generated.
Theorem 8 ([13], [15, p. 573]). If M is a closed 3-manifold containing an incompressible
torus, then M has virtually non-zero first Betti number.
The next three theorems deal with some properties of closed 3-manifolds supporting
Anosov flows. To state them we shall use the following standard notations and facts [5].
Let X be an Anosov flow on a closed 3-manifold M . If x ∈ M then the unstable direction
Eux of x is tangent to a C1 submanifold Wuu(x). This submanifold is called the strong








is called the (weak) unstable manifold of X passing through x . The family
Fu = {Wu(x): x ∈ M}
is a codimension one foliation of M which is C0 in general [12]. This foliation is called the
unstable foliation of X. Since Anosov flows are structural stable we can assume without
loss of generality that X is C∞, and so, Fu is C1 because dim(M)= 3 (see [12]). Denote
by M˜ → M the universal cover of M . Then Fu lifts to M˜ yielding a C1 codimension
one foliation F˜ u of M˜ . We denote by V u = M˜/F˜ u the leave space associated to F˜ u. It
is well-known V u is a connected simply connected 1-manifold possibly non-Hausdorff.
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Two elements x, y ∈ V u are not separated if there are no neighborhoods Ox,Oy ⊂ V u
of x and y , respectively, such that Ox ∩ Oy = ∅. The following result is contained in [6,
Corollary 4.8].
Theorem 9. Let M be a closed orientable 3-manifold supporting an Anosov flow X for
which the following holds: There is a collection xi of distinct elements of V u, i ∈ N, such
that xi is not separated from xi+1, ∀i ∈ N. Then, M is Haken.
The following result is based on [17]. Recall that an Anosov flow X on a closed 3-
manifold M is product if V u above is homeomorphic to R.
Theorem 10. Let M be a closed 3-manifold supporting a product Anosov flow with
transversely oriented unstable foliation. Suppose that π1M contains a non-trivial, non-
cyclic normal subgroup B such that no element in B − 1 has a fixed point in V u. Then, M
is Haken.
Proof. Let X be the product Anosov flow supported by M and let Fu be the unstable
foliation of X. By hypothesis the leave space V u of the lift of Fu in the universal cover
of M is R. Observe that π1M acts in M˜ preserving the lift of Fu, and so, π1M acts
in V u as well. Denotes by Hom(R) the group of homeomorphisms of R. Then, the
action of π1M in V u induces an injective homomorphism h :π1M → Hom(R) (the image
H(Fu) = h(π1M) of π1M is called the holonomy group of Fu). If B is as in the statement,
then h(B) is a normal subgroup of H(Fu) which is non-trivial, non-cyclic and fixed point
free. Because Fu is transversely oriented by hypothesis, [17, Theorem 6.2-(v)-(b)-(c)]
implies H 1(M,R) 
= 0. In particular, H 1(M,Z) 
= 0 since real cohomology classes can
be approximated by rational ones, and multiplying a non-zero rational cohomology class
by a suitable non-zero integer number we obtain a non-zero integer cohomology class. It
follows that M has non-zero first Betti number and then M is Haken [10, Lemma 6.6]. The
result follows. 
Theorem 11. Let M be a closed orientable 3-manifold supporting Anosov flows. If π1M
is almost solvable and H 1(M,Z) 
= 0, then M is a torus bundle over S1.
Proof. Because M supports Anosov flows we have that π1M is torsion free. In particular
π1M 
= Z2 + Z. As M is boundaryless, [18, Theorem 1.1-(ii)] implies that M is a bundle
over S1 with fiber either the torus or the Klein bottle. The last alternative cannot occur
since M is orientable. The result follows. 
3. Proof of Theorem 1
First we prove the Theorem if M has virtually non-zero first Betti number.
Lemma 12. Let M be a closed orientable 3-manifold supporting Anosov flows. Suppose
that M has virtually non-zero first Betti number. If π1M contains a non-trivial Abelian
normal subgroup, then M is either a Seifert manifold or a torus bundle over S1.
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Proof. Let N → M be a finite covering of M with N having non-zero first Betti number.
Clearly N is orientable and irreducible. Because N has non-zero first Betti number we
have that π1N has infinite abelianization. In addition, π1N contains a non-trivial Abelian
normal subgroup since π1M does. Then, by Theorem 2, it follows that π1N is the
fundamental group of a closed 3-manifold which is either Seifert or finitely covered by
a torus bundle over S1. We shall consider each case separately. First we assume that π1N
is the fundamental group of a Seifert manifold. As noted in [11, p. 365] this implies that
π1N contains a subgroup of finite index which has non-trivial center. In particular, N
is finitely covered by a closed orientable 3-manifold N ′ such that π1N ′ has non-trivial
center. Note that N ′ is a finite covering of M as well. Because M supports Anosov flows
we have that N ′ also does. As N ′ is closed we conclude that π1N ′ is infinite (e.g., it has
exponential growth [19]). In conclusion N ′ is a closed orientable irreducible 3-manifold
with infinite π1 such that π1N ′ has non-trivial center (and so it contains an infinite cyclic
normal subgroup). By Theorem 4 it follows that N ′ is a Seifert manifold. By Theorem 6
it follows that M is Seifert because it is closed orientable irreducible and has infinite π1.
Next we assume that π1N is the fundamental group of a closed 3-manifold which is finitely
covered by a torus bundle over S1. It follows that π1N is almost solvable since it contains
a solvable subgroup with finite index. As N is a finite covering of M we have that π1M is
almost solvable too. As M supports Anosov flows it follows that π1M is torsion free with
exponential growth. Moreover, M both is irreducible and supports a C1 codimension one
foliation without closed leaves. Applying Theorem 3 we have that H 1(M,Z) 
= 0. Since
M is orientable and π1M is almost solvable, Theorem 11 implies that M is a torus bundle
over S1 and the proof follows. 
Proposition 13. Let M be a closed orientable 3-manifold supporting Anosov flows. If
π1M contains a non-trivial finitely generated Abelian normal subgroup, then M is either
a Seifert manifold or a torus bundle over S1.
Proof. Suppose that π1M contains a non-trivial finitely generated Abelian normal
subgroup A. Again π1M is torsion free because M supports Anosov flows. By [10,
Theorem 9.13 p. 84] we have that A = Z or Z + Z or Z + Z + Z. If A = Z then M is
Seifert by Theorem 4 and we are done. If A = Z+Z, then by Theorem 5 either M is Seifert
(and we are done) or M contains an incompressible torus. If M contains an incompressible
torus, then M has virtually non-zero first Betti number by Theorem 8. Then the result
follows from Lemma 12. The case A = Z + Z + Z cannot occur for, otherwise, M would
be finitely covered by the 3-torus contradicting [19]. The lemma is proved. 
Recall that an Anosov flow is transitive if it has a dense orbit.
Corollary 14. Let X be an Anosov flow on a closed orientable 3-manifold M . If π1M
contains a non-trivial Abelian normal subgroup, then X is transitive.
Proof. Let X be an Anosov flow on a closed orientable 3-manifold M . Suppose that π1M
contains a non-trivial Abelian normal subgroup A. By contradiction assume that X is not
transitive. It follows from [2] that M has an incompressible torus, and so, it is Haken. By
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Theorem 7 we have that A is finitely generated. It follows from Proposition 13 that M is
either a Seifert manifold or a torus bundle over S1. As Anosov flows on such manifolds are
transitive we conclude that X is transitive which is impossible. This proves the lemma. 
We shall use the following notation. Given an Anosov flow X on a closed 3-manifold
M we recall that V u denotes the leave space in the universal cover of the lift of the unstable
manifold of X. It turns out that V u is a one-dimensional manifold possibly non-Hausdorff.
Besides V u is orientable and we fix an orientation hereafter. The group Γ = π1M acts in
M˜ by deck transformations and the action preserves F˜ u. In particular Γ acts in V u as well.
An almost fixed point of g ∈ Γ is a point x ∈ V u such that gx and x are not separated in
V u. In what follows A is a non-trivial Abelian normal subgroup of Γ .
Lemma 15. If M is orientable and A is not finitely generated, then there is no a ∈ A − 1
having an almost fixed point in V u.
Proof. We claim that there is no a ∈ A− 1 having a fixed point in V u. Indeed, as A is not
finitely generated, we have that each finitely generated subgroup of A is infinite cyclic (see
the proof of Theorem 9.14 in [10, p. 85]). Suppose by contradiction that there is a ∈ A− 1
having a fixed point x0 ∈ V u. As X is Anosov we have that x0 is a contracting fixed point
of a. Let I0 be the local basin of x0. Note that if x ∈ I0 then ajx → x0 as j → ∞. By
Corollary 14 we have that X is transitive and so the action of Γ in V u is minimal. In
particular there is γ ∈ Γ such that γ x0 ∈ I0 − x0. Define xb = γ x0 and b = γ aγ−1. Then
xb is a fixed point of b. Because A is normal we have that b ∈ A. As remarked before the
subgroup H of Γ generated by a and b is cyclic. Let δ be a generator of H . It follows that
a = δn and b = δm for some n,m ∈ Z. Note that am = (δn)m = (δm)n = bn and xb is a fixed
point of b. Then, xb is also a fixed point of am. But m 
= 0 since Γ is torsion free. So, there
is a positive integer k (either m or −m) such that akxb = xb. In particular aikxb = xb for all
i ∈ N, a contradiction since xb ∈ I0−x0 and j = ik → ∞ as i → ∞. This proves the claim.
Now we finish the proof of the lemma as follows. Suppose by contradiction that there is
a ∈ A − 1 having an almost fixed point x0 ∈ V u. Consider the sequence xi = aix0 ∈ V u,
i ∈ N. As a has no fixed points, we have that the elements xi are distinct. Because x0 is not
separated from ax0 we have that xi is not separated from xi+1 for all i . M is orientable by
hypothesis. By Theorem 9 we conclude that M is Haken. It follows from Theorem 7 that
A is finitely generated which is impossible. This contradiction proves the lemma. 
The following proposition proves a particular case of Conjecture 4 in [14, p. 1511] (see
also [4, p. 35]).
Proposition 16. If M is a closed 3-manifold supporting Anosov flows, then each Abelian
normal subgroup of π1M is finitely generated.
Proof. Let M be a closed 3-manifold supporting an Anosov flow X and let A be an
Abelian normal subgroup of π1M . As before we denote by Fu the unstable manifold
of X. Assume by contradiction that A is not finitely generated. By passing to a finite
cover if necessary we can assume that M is orientable and that Fu is transversely oriented.
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We claim that X is product. Indeed, as A is not finitely generated and M is orientable,
Lemma 15 implies that no element a ∈ A − 1 has almost fixed points in V u. It follows
that each a ∈ A is orientation-preserving, and so, each a ∈ A − 1 has a unique invariant
interval [5]. Clearly A is not cyclic, and so, the above properties imply that there is an open
non-empty interval I which is invariant for A [5, Lemma 5.1 p. 112]. As A is normal and
every a ∈ A − 1 has a unique invariant interval, we can easily prove that I is an invariant
interval of π1M . By Corollary 14 we have that X is transitive, and so, the action of π1M
in V u is minimal. This implies that V u = I and then X is product. The claim is proved.
Clearly π1M has a non-trivial normal fixed point free subgroup B = A which is not infinite
cyclic. As Fu is transversely oriented and X is product, it follows from Theorem 10 that M
is Haken. This together with Theorem 7 yield a contradiction which proves the result. 
Proof of Theorem 1. Direct from Propositions 13 and 16. 
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